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Abstract 

Let G be a simple connected graph of order n and D{G) be the distance matrix 
of G. Suppose that \i{D{G)) > \2{D{G)) > ••• > Xn{D{G)) are the distance 
spectrum of G. A graph G is said to be determined by its Zl-spectrum if with 
respect to the distance matrix D(G), any graph with the same spectrum as G is 
isomorphic to G. In this paper, we consider spectral characterization on the second 
largest distance eigenvalue \ 2 {D{G)) of graphs, and prove that the graphs with 
X 2 {D{G)) < ~ —0.5692 are determined by their H-spectra. 
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1 Introduction 


All graphs considered here are simple, undirected and connected. Let G be a graph 
with vertex set V{G) = {ui, ^ 2 ,..., Un} and edge set E{G). Two vertices u and v are 
called adjacent if they are connected by an edge. Let dciy) and Nciy) denote the degree 
and the neighbor set of a vertex v in G, respectively. The distance between vertices u and 
n of a graph G is denoted by dc{u,v). The diameter of G, denoted by d or d{G), is the 
maximum distance between any pair of vertices of G. Let X and Y be subsets of vertices 
of G. The induced subgraph G[X] is the subgraph of G whose vertex set is X and whose 
edge set consists of all edges of G which have both ends in X. For any v G R(G), denote 
by G — n the induced subgraph G[R \ {n}]. The complete product Gi v G 2 of graphs 
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Gi and G 2 is the graph obtained from Gi U G 2 by joining every vertex of Gi with every 
vertex of G 2 - 

The distance matrix D{G) = {dij)nxn of a connected graph G is the matrix indexed 
by the vertices of G, where dij denotes the distance between the vertices Vi and vj. 
Let Xi{D{G)) > X 2 {D{G)) > ■ ■ ■ > Xn{D{G)) be the distance spectrnm of G, where 
X 2 {D{G)) is called the second largest distance eigenvalne of G. The polynomial Pd{X) = 
det{XI — D{G)) is dehned as the distance characteristic polynomial of the graph G. Two 
graphs are said to be D-cospectral if they have the same distance spectrnm. A graph 
G is said to be determined by the D-spectra if there is no other nonisomorphic graph 
D-cospectral to G. 

Which graphs are determined by their spectrnm seems to be a difhcnlt and interesting 
problem in the theory of graph spectra. This qnestion was proposed by Dam and Haemers 
in [2]. In this paper, Dam and Haemers investigated the cospectrality of graphs np to 
order 11. Later, Dam et al. PS] provided two excellent snrveys on this topic. Up to now, 
only a few families of graphs were shown to be determined by their spectra. In particniar, 
there are mnch fewer resnits on which graphs are determined by their D-spectra. In [B], 
Lin et al. proved that the complete bipartite graph Kni,n 2 and the complete split graph 
Ka V Pb are determined by D-spectra, and conjectnre that the complete fc-partite graph 
Kni,n 2 ,...,nt is determined by its D-spectrnm. Recently, Jin and Zhang [5] have conhrmed 
the conjectnre. Xne and Lin [S] showed that some special graphs and iL®’* 

are determined by their D-spectra. Lin, Zhai and Gong [7] characterized all connected 
graphs with A„_i(D(G)) = —1, and showed that these graphs are determined by their D- 
spectra. Moreover, in this paper, they also proved that the graphs with Xn- 2 {D{G)) > — 1 
are determined by their distance spectra. In this paper, we prove that the graphs with 
X 2 {D{G)) < ^ —0.5692 are determined by their D-spectra. 

Next, we introdnce two kinds of graphs iL* and g^g shown in Fig. 1. 

• Kl: the graph obtained by adding a pendant edge to t vertices of Kg, where 2 <t < s 
and n = s + t. 

• graph G with ddv) = n — 1 and G — v is the disjoint nnion of some 
complete graphs, where n = Yli=i + 1 k >2. 



Fig. 1. Graphs and 
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2 Preliminaries 


Before presenting the proof of the main result, we give some important lemmas and 
theorems. The following lemma is well-known Cauchy Interlace Theorem. 


Lemma 2.1 (|Ij) Let A be a Hermitian matrix of order n with eigenvalues Ai(y4) > 
A 2 (^) > • • ■ > A„(A), and B be a principal submatrix of A of order m with eigenvalues 
hi(^) > h 2 ( 5 ) > ■ ■ • > iXmiB). Then Xn-m+iiA) < /ii(5) < Ai(A) for i = 1,2,... ,m. 

Applying Lemma 12.11 to the distance matrix H of a graph, we have 


Lemma 2.2 Let G be a graph of ordern with distance spectrum \i{D{G)) > X2{D{G)) > 
> ^n{D{G)), and H be an induced subgraph of G on m vertices with the distance 
spectrum > fi2{L){H)) > ■ ■ ■ > firn{L){H)). Moreover, if D{H) is a principal 

submatrix of D{G), then Xn-m+i{D{G)) < fii{D{H)) < Xi{D{G)) for i = 1,2, ... ,m. 


Theorem 2.3 Let G be a connected graph and D{G) be the distance matrix of G. Then 
X 2 {D{G)) > — 1, with the equality if and only if G = Kn. 


Proof. Let G be a connected graph with order n> 2, then P 2 is an induced subgraph of 
G, and D{P 2 ) is a principal matrix of D{G). Note that X 2 {D{P 2 )) = —1, then by Lemma 
12.21 A2(L)(G)) > X2{L)[P2)) = —1. 

For the equality, we only need to prove the necessity. Suppose that G is not complete 
graph, then d{G) > 2. As a result, D{P^) is a principal submatrix of D{G). Note that 
X 2 {D{P^)) = 1 — \/3, by Lemma fITA X 2 {D{G)) > X 2 {D{Pf)) = 1 — \/3 ~ —0.7321, a 
contradiction. Hence G = Kn. □ 


Remark 2.4 From the proof of the above theorem, there is no graph of order n with 
-1 < X 2 {D{G)) < 1 - \/3. 


First we will investigate which graphs satisfy X 2 {D{G)) < ^ —0.5692. Let G 

be a graph with A 2 (11(G)) < We call H a forbidden subgraph of G if G contains 

no H as an induced subgraph. 

For any S C V{G), let Dg{S) denote the principal submatrix of D{G) obtained by S. 

Lemma 2.5 Let G be a connected graph and D{G) be the distance matrix of G. If 
X 2 {D{G)) < iJiQfi C 4 , G 5 , P 5 and Hi {i G {1,2,3}) are forbidden subgraphs 

ofG. 
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Fig. 2. Graphs C 4 , G 5 , P 5 and Hi — H^. 


Proof. Note that the diameters of graphs 6 * 4 , and Hi are all 2. Their P-spectra are 
shown as follows. 



Ai 

A 2 

-^3 

A 4 

-^5 

G 4 

4.0000 

0.0000 

-2.0000 

-2.0000 


Gs 

6.0000 

-0.3820 

-0.3820 

-2.6180 

-2.6180 

Hi 

3.5616 

-0.5616 

-1.0000 

-2.0000 



If G 4 is an indnced snbgraph of G, then D{C 4 ) is a principal snbmatrix of D{G). By- 
Lemma [2]2l then \ 2 {D{G)) > \ 2 {D{C 4 ) > ~ —0.5692, a contradiction. Thns C 4 

is a forbidden snbgraph of G. Similarly, we can prove that G 5 and Hi are also forbidden 
snbgraphs of G. 


Consider P 5 . Snppose that P 5 is an induced subgraph of G, then dcivi, v^) G {2, 3,4}. 
If dcivi^v^) = 4, then Dg{{vi,V 2 .i V 3 , V 4 , us}) = D^P^), thus D{P^) is a principal submatrix 
of D{G). By Lemma 12.21 we have X 2 {D{G)) > A 2 (P(P 5 )) = —0.5578 > a 

contradiction. If dciviyV^) G {2,3}, let dciviyV^) = a, dciviyV^) = b and dG{y 2 ,v^) = c, 
then a,b,c & {2, 3}. Hence the principal submatrix of D{G) 


DG{{Vl,V2,V3,ViH5}) 


/ 0 1 2 a 6 \ 

10 12c 
2 10 12 

a 2 1 0 1 

\ 5 c 2 1 0 / 


By a simple calculation, we have 


(a, 6 ,c) 

(3,3,3) 

(3,2,2) 

(3,2,3) 

(3,3,2) 

(2,3,3) 

(2,3,2) 

( 2 , 2 , 2 ) 

(2,2,3) 

A 2 

-0.4348 

-0.3260 

0 

-0.3713 

-0.3713 

-0.1646 

-0.2909 

-0.3260 


From Lemma 12.21 this contradicts A 2 (P(G)) < Hence P 5 is a forbidden sub¬ 

graph of G. 
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Consider H 2 . Suppose that H 2 is an induced subgraph of G. Let dcivi^v^) = a and 
dc{v 4 ,V 5 ) = b, then a,b E {2,3}. We get the principal submatrix of D{G)\ 


^g({^^iW2W3W4W5}) 


/ 0 1 2 a 2 \ 
10 12 1 
2 10 12 
a 2 1 0 6 
\ 2 1 2 6 0 / 


By a simple calculation, we have 


(a, 6) 

(3,3) 

(2,3) 

(3,2) 

(2,2) 

A 2 

-0.5120 

-0.3583 

-0.3583 

-0.2245 


By Lemma 12^^ \ 2 {D{G)) > A 2 (L*g({'?^iW 2 W 3 W 4 W 5 })) > , a contradiction. Hence 

H 2 is a forbidden subgraph of G. 


Consider H^,. Suppose that is an induced subgraph of G. Let ^^(^ 1 ,^ 4 ) = a and 
dciyi) Us) = b, then a,b E (2, 3}. Then the principal submatrix of D{G) 


DG{{Vl,V2,V3,Vi,V5}) 


/ 0 1 2 a 1 \ 

10 12 1 
2 10 12 

a 2 1 0 6 

\ 1 1 2 6 0 / 


By a simple calculation, we have 


(a, 6) 

(3,3) 

(2,3) 

(3,2) 

(2,2) 

A 2 

-0.5686 

-0.3626 

-0.3626 

-0.3311 


From Lemma 12.21 we also get a contradiction since X 2 {D(G)) < . Therefore 

H 3 is a forbidden subgraph of G. □ 

Let Kl = {Kl\2 <t<s,s + t = n} and ^ + 1 = 

n,k > 2}. 


Lemma 2.6 Let G he a connected graph and D{G) be the distance matrix of G. If 
HDiG)) < 11^^, then G E 

Proof. Let \ 2 {D(G)) < Note that P 5 is a forbidden subgraph of G, then 

d{G) < 3. d{G) = 1 indicates that G = Kn- Next we consider d{G) > 2 , then there exist 
non-adjacent vertices in G. For any two non-adjacent vertices, we claim that they have at 
most one common neighbor. Otherwise there exists forbidden subgraph G 4 or Hi. Next 
we distinguish the following two cases: 

Case 1. There exist two non-adjacent vertices u and v such that \Ng{u) nN"G(n)| = 0. 

Then dG{u,v) = 3. Let P = uxyv be the shortest path between u and v. Thus we 
have dciu) = dciv) = 1. Otherwise there exists forbidden subgraph P^^H^^G/i or Hi. 
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Let S = {Nc{x) U NG{y))\{u, w} and T = V{G)\{S U {u, v, x, y}). 

We claim that G[S U {x,y}] is a clique, otherwise there exists forbidden subgraph 
H 2 or Hi. If T = 0, then G = K^. If T 7 ^ 0, then we claim that each vertex in T is 
adjacent to some vertices in S. Otherwise the distance from the vertex to n or n is at least 
4, a contradiction. Furthermore, we claim that each vertex in T is adjacent to exactly 
one vertex in S and the vertices in T have no common neighbor in S. Otherwise there 
exists forbidden subgraph Hi, H 2 or H^. Moreover, by forbidden subgraph G 4 , T is an 
independent set. Therefore G = Kl. 

Case 2. For any two non-adjacent vertices, they have exactly one common neighbor. 

Let S = {vi,V 2 , ■ ■ ■ ,Vk\ be the maximum independent set of G, where k > 2 . Let 
S = V{G)\S. Then by the dehnition of the maximum independent set, each vertex in S 
is adjacent to some vertices in S. 

Let V be the only common neighbor of Vi and V 2 . We claim that v is adjacent to each 
vertex in S. Otherwise there exists forbidden subgraph H 2 ,G^,G 4 or Hi. Since any two 
non-adjacent vertices of G have exactly one common neighbor, then each vertex in *F\{n} 
is adjacent to exactly one vertex in S. 

Let Vi,V 2 ,... ,Vk be a partition of S'\{n}, where Vi (possibly empty) is the vertex 
subset whose vertices are all adjacent to Vi. Next we show that each vertex in >F\{n} is 
adjacent to v. Without loss of generality, we consider the vertex subset Vi. Let v\ &Vi. 
Suppose that ^ E{G). Note that is not adjacent to V 2 , hence we can suppose that 
w is the only common neighbor of and V 2 . Then G[vviv\wv 2 \ = C 5 or G[vviv\w] = C 4 , 
a contradiction. 

Moreover, we claim that G[Vi] {i = 1, 2,..., /c) is a clique and E\yi,Vj\ = 0 {i ^ j). 
Otherwise there exists forbidden subgraph Hi. Thus we have G = □ 


3 Main results 


In this section, we will show that the graphs with \ 2 {D{G)) < are determined 

by their D-spectra. First, we give the distance characteristic polynomials of Kl and 

THni,n2,...,nk 


Lemma 3.1 Let G = Kl, where 2 <t < s and n = s+t. Then the distance characteristic 
polynomial of G is as follows. 

For s > t -I- 1, 

P^(A) = {X+iy-*-\X+2-V2y-\X+2+V2y-^[X^+{5-s-3t)X‘^+{6-4s-2t-st)X+2-2s-st]. 
For s = t, 

P^{X) = (A + 2 - V2y-\X + 2 + V2y-yx^ + (4 - 4t)X + 2-2t- t% 
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Proof. For s > t + 1. The distance matrix of Kl can be written as 

/a a ■ ■ ■ a P \ 

a a ■ ■ ■ a 

D = 


where a = 


B = 


0 1 

1 oj 

1,0 = 

1 


• o 

' 1 

1 

' oj 


3 2 
2 1 


a 

a 



a 

a 

a 



a 

a 

a 



a 

3^ 






/ 

2 

2 


, (3 


1 

1 



, and 


2x (s—t) 


/is- 


(s — t) X (s — t) 


Thus 




Xl2x2 — 

a —a 

—a 

-13 



—a 

Xl2x2—(^ ■ ■ ■ 

—a 

-/3 

det{XI—D) = 







—a 

—a 

Xl2x2—0' 

-y 




■ ■ ■ 

-f3^ Xlis 

—t)x (s—t) 


Xl2x2—o'- 


—a 

—a 

-y 


0 


Xl2x2 — 

0 

0 


0 


0 

Xl2x2 — CT + Q; 

0 


—t(3 

T 


1 - 

1 

^^(s—t)x (s- 


— I A/2x2~0'+Ci| 


t-1 A/2X2-0—(t-l)tt -13 

t/3 XI(^s—t)x{s—t) 33 

{X+iy-*-\X+2-V2Y-\X+2+V2y-^[X^+{5-s-3t)X'^+{6-4:S-2t-st)X+2-2s-st]. 


For s = t. The distance matrix of Ki can be written as 


D = 


( a a 
a a 

a a 


a \ 

a 

a 
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Thus 


det{\I-D) = 


Xl2x2~(^ 

—a 

—a A/ 2 x 2 ~cr ■ ■ ■ 

—a 

—a —a 

Xl2x2~(^ 

(t—l)a —a 

—a 

Xl 2 x 2 —cr +cr 

0 

0 

Xl2x2 — (^ 

'\^ ^\Xl2x2—o'—{t—l)a\ 



= {X+2-^^2)^-^{\+2+^^2)^-^[X^+{A-At)X+2-2t-t^]. 


□ 


Corollary 3.2 Let G = Kl, where 3 < t + 1 < s and n = s + t. Then X 2 {D{G)) = \/2 — 2. 


Proof. By Lemma [3.11 

P^(A) = (A+l)^-*-i(A+2-\/2)'-^(A+2+\/2)*-i[A3+(5-s-3t)A2+(6-4s-2t-st)A+2-2s-st]. 

Let /(A) = A^ + (5 — s — 3t)X^ + (6 — 4s — 2t — st)A + 2 — 2s — st. By a simple calculation, 

{ /(O) = 2 - 2s - St < 0, 

/(-§) =-^ + is-ist<0 , 

/(-I) = > 0. 

Note that /(A) —)■ +oo (A —)■ +cxd) and /(O) < 0, so there is at least one root in (0, +cxd). 
Since /(—|) < 0 and /(—I) > 0, then there is at least one root in (—1, —|). By /(A) —)■ 

—oo (A —oo) and /(—I) > 0, so there is at least one root in (—oo, —1). Thus there is 

exactly one root in each interval. So X 2 {D{G)) = \/2 — 2. □ 


Theorem 3.3 No two non-isomorphic graphs in K* are D-cospectral. 


Proof. For any G K*. Suppose that they are H-cospectral, by Lemma l3Tl then 

ti = t 2 . Note that si + = S 2 + ^2 = n, thus si = S 2 , that is, = Kg^. □ 


Lemma 3.4 Let G = , where n = k > 2. Then the distance 

characteristic polynomial of G is 


Pd{X) 


k 

(A^l)n-fc-l(A_^ 

i=l 


ni{2X + 1 ) 

A + fij + 1 


k 

) + Uj + 1). 

i=l 











Proof. The distance matrix of G has the form 


^ ^n\ Ini 

2 J 

■^^221 X222 

9 1 

■^^221 X22/c 

'^221 X 1 

9 J 

■^^222X221 

Jn2 ^n2 

9 7 

■^^222X22/c 

Jn2Xl 

2 J 

'^^22fcX22l 

2 1 

n^.xn2 

'^22fc In^ 

'^22fcXl 

'^1X221 

Jlxn2 

Jlxn^ 

0 


where is the all-one sqnare matrix with order n*, is the identity sqnare matrix with 
order rii, and Jmxnj {i ^ j) is the all-one matrix with rii rows and rij colnmns. 

Then 


det{XI-D) = • • • (A+l)”'=-^ 




A-|-?7.i-|-1 0 

0 \+n 2 +l 


0 

-ni 


0 

-n 2 

k 


A—(ni —1) —2n2 

—2ni A—(n2—1) 

—2ni —2n2 

-ni -n 2 

0 -1-2A 

0 -1-2A 


—1—2A 
-Uk A 




, A-l-nj-|-l 
2=1 2=1 


□ 


^Tik 1 

^"klk 1 

A-(nfc-l) -1 
-Uk A 


Theorem 3.5 No two non-isomorphic graphs in are D-cospectral. 


Proof. Let G = gy Lemma [3.41 —1 is the eigenvalne of G with mnltiplicity 

n — k — 1 . Snppose that G* G is D-cospectral to G, then —1 is also the eigenvalne 

of G* with mnltiplicity n — k — 1. Hence we may assnme that G* = parts) 

with = n — 1. Let ns denote the rest of common distance eigenvalnes of G and 

G* by Ai, A 2 ,..., Afc+i- Let 

^(A, ni, na,..., Uk) =(A - ^ + 1) 

^ X + Ui + l 

1=1 1=1 

k k k 

=X J^(A -|- Tij -L 1) — (2A -|-1) ^ ^ Hi y (A -h Hj 1) 

i=l i=l j=l,j¥^i 

k+1 

i =0 
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then Ai, A2,..., A^+i are the roots of g{\, rii, n2, ■ ■ ■, n^). 

Denote Si = ^ji ^2 = ^i<ji<j2<k ■ ■ ■ j ^h^j2''' ^ji) ■ ■ ■) 

Sk = nin2 ■ ■ ■ Uk- Obviously, /io = 1 and fj,i = — Yli=i ni + k = —si + k. For 2 < i < k, hj 
the calculation, we have 

k 

Hi= {nj,+l)---{nj^+l)- 2 '^ni ^ (n^.+l) ■ ■ ■ (nj._,+l) 

^<jl<j2<---<ji<k 1=1 l<ji<j2<—<ji-l<k,l^{ji,...,ji-i} 

k 

~Y1 Y1 Ki+i) • ■ ■ Ki-2+i) 

^ = 1 l<jl<j2<-"<ji-2<k,l^{jl,...,ji-2} 

=tjSj+tj_iSj_i+tj_ 2 Si _2 + - • ■+tiSi+to, 


where tj = 1 — 2 i, and fj,k+i = —ksk — {k — l)sfc_i — • • • — 2s2 — <Si 

\k 


Dehne = E,=i n], = Y.i<n<j2<k 

si = nlnl ■ ■ ■ nl- Let 


in'^ T~}~^ Q~^ — » 'hf^ id'^ • • • id'^ 

It,, • • • 5 '^2 — l^l<ji<j2<-<ji<k • • • ’ 


k k 

g(\, nl nl ..., nj) =(A - ^ ^ 

2=1 ^ 2=1 
k k k 

=A]^(A + n* + 1) — ( 2 A + 1) (A + n* + 1 ) 

i=l i=l j=lj^i 

k+l 

i=0 


Similar to the calculation of jUi, then 


/i* — tiS* + + ti- 2 S *_2 + ■ ■ ■ + + to, i — 1, 2,..., /c. 

Note that Ai, A 2 ,..., A^+i are also the roots of g{\,nl,nl,... ,nl), hence Hi = /i*. 
Recursively, we can obtain that si = S 2 = s^,..., Sk = s^. Since ni,n 2 , ■ ■ ■ ,nk are the 
roots of — six^~^ + S 2 X^~‘^ + • • • + (—1)^5^ = 0, then n\, n^, ■ ■ ■ ,nl are also the roots 
of the same polynomial, and hence n^, n^, ■ ■ ■ ,nl must be a permutation of rii, n 2 , ■ ■ ■, Uk- 
So G*^G. □ 


Theorem 3.6 For any G G K* and G G then they are not D-cospectral. 

Proof. We may assume that G = Kl and G = •••,«■/= with m and m edges, 

respectively. Suppose that G and G have the same distance spectrum Ai(D) > A 2 (D) > 
■ ■ ■ > An(D). Let D{G) = (dij) and D{G) = (dij) be the distance matrices of G and G, 
respectively. Then we have 

d'fj = 2[m+( ^^^^ —m) x4+ ^ x 5] = 4n(n —1) —6m + 5t(t — 1) 

1=1 i=i j=i 
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and 


n n n { ^\ 

di^ = 2[m + (-m) X 4] = 4n(?7, — 1) — 6m. 

i=i i=i j=i 

Hence 6m — bt{t — 1) = 6m, i.e., 6(m — rh) = 5t{t — 1). Note that t > 2, then m — m is a 
nonzero positive integer, and hence 6 \t{t — 1). 

If s > t + 1. By Lemmas 13.11 and 13.41 we know that —1 is the eigenvalue of G and 
G with multiplicity s — t — 1 and n — k — 1, respectively. Hence s — t — l = n — k — 1, 
then k = 2t, since s = n — t. By Corollary 13.21 \ 2 {D{G)) = \/2 — 2 —0.5858, then 

X 2 {D{G)) = y /2 — 2 . We claim that k < 6 . Otherwise, the star Ki q is an induced subgraph 
of G, by Lemma [221 X 2 {D(G)) > X 2 {D{Ki q)) = —0.5678, a contradiction. Note that 
t > 2 , then k = 2 t = A, contradicting 6 \t{t — 1). 

If s = t. By Lemma 13.11 —1 is the eigenvalue of G with multiplicity 0, hence —1 is 
also the eigenvalue of G with multiplicity 0. By Lemma [3.41 k = n — 1. Then rii = n 2 = 

• • ■ = = 1, that is G = Ki n-i- Note that —2 is the eigenvalue of G, then —2 is also 

the eigenvalue of G, we can deduce that — 6t + 2 = 0, a contradiction. □ 

Theorem 3.7 The connected graphs with X 2 {D{G)) < ^ —0.5692 are determined 

by their D-spectra. 

Proof. By Lemma [221 G G Kn U K* U Obviously, Kn is determined by its 

H-spectrum. By Theorems 13.3113.5! and 13.61 the result follows immediately. 
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